Abstract. Let X 1 , . . . , X m denote smooth projective curves of genus g i ≥ 2 over an algebraically closed field of characteristic 0 and let n denote any integer at least equal to 1 + max m i=1 g i . We show that the product JX 1 × · · · × JX m of the corresponding Jacobian varieties admits the structure of a Prym-Tyurin variety of exponent n m−1 . This exponent is considerably smaller than the exponent of the structure of a Prym-Tyurin variety known to exist for an arbitrary principally polarized abelian variety. Moreover it is given by explicit correspondences.
Introduction
A Prym-Tyurin variety of exponent q in a Jacobian J is by definition an abelian subvariety of J such that the canonical polarization of J induces the q-fold of a principal polarization. According to a theorem of Matsusaka-Ran and Welters' criterion (see [1, Section 12 .2]), Prym-Tyurin varieties of exponent 1 are Jacobians. Welters showed in [9] that, roughly speaking, every Prym-Tyurin variety of exponent 2 is a classical Prym variety, that is the connected component containing 0 of the norm map JX → JX of ań etale double coveringX → X.
In [7] Mumford showed that the product of Jacobians of two general hyperelliptic curves occurs as a classical Prym variety. In [2] we generalized his construction by building PrymTyurin varieties which are products of two Prym-Tyurin varieties of smaller exponent. Here we generalize Mumford's result in a different direction: We show that the product of an arbitrary number of Jacobians of curves of genus g occurs as a Prym-Tyurin variety.
To be more precise, the following theorem is a special case of our main results. For the proof we use a general result of [2] which allows the construction of new PrymTyurin varieties out of given ones. We may assume that the base field is the field of complex numbers. It is well known that any curve X of genus g admits simply ramified coverings X → P 1 of degree n, for all n ≥ g + 1.
We use any such covering to construct a structure of a Prym-Tyurin variety of exponent 1 on the Jacobian JX. Then one only has to verify the hypotheses of the above mentioned result.
In Section 2 we recall the theory of [2] for the special case needed here. In Section 3 we work out the presentation of the Jacobians as a Prym-Tyurin variety of exponent 1. Section 4 contains the proofs of our main results.
Throughout this paper, for any finite group G, χ 0 will denote its trivial representation. Also, for any subgroup H of G, ρ G H will denote the representation of G induced by the trivial representation of H.
Presentation of a Prym-Tyurin variety
We want to apply the main result of [2] to the symmetric group S n and its self-products. Since all rational irreducible representations of these groups are absolutely irreducible, it suffices to recall a special case of this theorem.
Let G be a finite group, which later we assume to be S n . Let V 1 , . . . , V r denote nontrivial, pairwise non-isomorphic, absolutely irreducible rational representations of the same dimension of the group G, and let H be a subgroup of G such that for all k = 1, . . . , r,
and H is maximal with this property. Here "maximal" means that for every subgroup N of G with H N there is an index k such that dim V N k = 0. Choose a set of representatives {g ij ∈ G | i = 1, . . . , d and j = 1, . . . , n i } for both the left cosets and right cosets of H in G, and such that
Hg ij are the decompositions of G into double cosets, and of the double cosets into right and left cosets of H in G. Moreover, we assume g 11 = 1 G . Now let Z be a (smooth projective) curve with G-action and quotients
In [2] we defined a correspondence on X, which is given by
for all x ∈ X and z ∈ Z with π(z) = x, where
is an integer for i = 1, . . . , d. Moreover, denote
Let δ D denote the endomorphism of the Jacobian JX associated to the correspondence D. We denote by P D := Im(δ D ) the image of the endomorphism δ D in the Jacobian JX and call it the (generalized) Prym variety associated to the correspondence D.
Finally, let us recall the geometric signature of a Galois covering of curves with Galois group G. Let C 1 , . . . , C t be pairwise different nontrivial conjugacy classes of cyclic subgroups of G. Then this is by definition the tuple [γ, (C 1 , s 1 ), . . . , (C t , s t )], where γ is the genus of the quotient curve Y , the covering has a total of t j=1 s j branch points in Y and exactly s j of them are of type C j for j = 1, . . . , t; that is, the corresponding points in its fiber have stabilizer belonging to C j .
Then [2, Theorem 4.8] can be stated as follows:
Theorem 2.1. Let V 1 , . . . , V r denote nontrivial pairwise non-isomorphic absolutely irreducible rational representations of the group G satisfying (2.1) for a subgroup H of G.
Suppose that the action of the finite group G on a curve Z has geometric signature [0; (C 1 , s 1 ), . . . , (C t , s t )] and satisfies
where G j is a subgroup of G of class C j and
Then P D is a Prym-Tyurin variety of exponent q in JX, where X = Z/H.
and (2.8)
Observe that b, and hence q, depends only on the group G, and not on its action on a given curve.
In the sequel we will use the following definition: We say that the construction of the Prym-Tyurin variety P = P D of Theorem 2.1 is a presentation of P with respect to the action of the group G, the subgroup H and the set of representations {V 1 , . . . , V r }.
The Jacobian of a curve as a Prym-Tyurin variety
In this section we show that the Jacobian JX of any curve X of genus g ≥ 2 has a presentation as a Prym-Tyurin variety of exponent 1 with respect to a symmetric group S n , a subgroup S n−1 and the standard representation of S n . First we need the following lemma.
Lemma 3.1. Let G be a finite group, V a nontrivial absolutely irreducible rational representation of G, and H a subgroup of G such that the representation ρ G H of G induced by the trivial representation of H has the isotypical decomposition
Then the numbers q and b, defined in equations (2.4) and (2.6) respectively, are given by
Proof. The number of double cosets of H in G equals the following character product
H G , and this is equal to two by our assumptions. Therefore we have two double coset representatives g 11 = 1 G and g 21 . The number n 2 of right cosets in
where the b i 's are given in (2.3).
Moreover, using b 1 = |H| we obtain
By definition
which implies both assertions.
Now let X be a smooth projective curve of genus g ≥ 2 over an algebraically closed field of characteristic 0. Recall that a covering f : X → P 1 of degree n ≥ 2 is called simple if the fibre f −1 (p) over every branch point p ∈ P 1 consists of exactly n − 1 different points. According to [3, Proposition 8 .1], X admits a simple covering f : X → P 1 of degree n for any n ≥ g + 1. Proof. (a): Suppose f = q • t, with t : X → X ′ and q : X ′ → P 1 . If q is nontrivial, then it has to be ramified as a covering of P 1 , in which case deg t = 1 since otherwise f would not be a simple covering.
(b): We may assume that the base field is the field of complex numbers so that the monodromy group is well defined. Since the Galois group of the covering Π coincides with the monodromy group of the covering f , it suffices to show that this is S n .
Since X is irreducible and f is simple, the monodromy group of f is a transitive subgroup of S n generated by transpositions. By part (a), it is also primitive (or see [8, Lemma 4.4.4] ). It is a well-known group theoretical theorem (see e.g. [4, Satz 4.5, p.171]) that any such subgroup coincides with the full group S n .
We consider the group G := S n as the permutation group of the set {1, . . . , n}. As such, it is generated by τ := (1 2) and σ := (1 2 3 . . . n). We denote by Z the Galois closure of (the simple covering) f : X → P 1 . Therefore, G acts on Z with geometric signature [0; (C τ , s)], where C τ is the conjugacy class of any subgroup generated by a transposition, and s is the number of branch points of f .
Consider H = (1 2 3 . . . n − 1), (1 2) ≃ S n−1 , the subgroup of G fixing n, and let V denote the standard representation of S n (of degree n − 1) defined by
In the following proposition we see that the Jacobian JX of X has a presentation as a Prym-Tyurin variety of exponent 1. Proposition 3.3. Let X be a smooth projective curve of genus g ≥ 2, and let n be any positive integer such that there exists an n-fold simple covering f : X → P 1 . Let G, H, V , the curve Z and the action of G on Z be as above. Then X ≃ Z/H and the Jacobian JX has a presentation as a Prym-Tyurin variety of exponent 1 with respect to the action of the group G on Z with geometric signature [0; (C τ , s)], the subgroup H and the standard representation V of G.
Proof. First note that up to conjugacy H is the only subgroup of index n of G, therefore X ≃ Z/H. To prove that JX has the desired presentation, we use Theorem 2.1.
Certainly dim V H = 1 and H is maximal with this property. Moreover, it is easy to see that ρ
Hence Lemma 3.1 implies q = 1. It remains to show that equation (2.5) is satisfied. Now we have
where the middle equalities in both equations are due to Frobenius reciprocity. Inserting these values in equation (2.5) completes the proof.
Remark 3.4. With the notation of Proposition 3.3, the correspondence D on X (defined in Equation (2.2)) for this case is
where n 1 = 1, n 2 = n − 1, a 1 = (n − 1)! and a 2 = −(n − 2)!. In fact, the g ij may be chosen as g 11 = 1 G , g 21 = (1 n), g 22 = (2 n), . . . , g n−1,n = (n − 1 n).
Products of Jacobians
Fix integers m ≥ 2 and n ≥ 2. For each i = 1, . . . , m, let f i : X i → P 1 denote a simple covering of degree n with a smooth projective curve X i of genus g i ≥ 2.
If Z i denotes the Galois closure of f i : X i → P 1 , we have a diagram for every i = 1, . . . , m,
According to Lemma 3.2 the Galois group of Π i is the group G := S n . Moreover, the simple ramification of f i means that G acts with geometric signature [0; (C τ , s i )] on Z i , where C τ is the conjugacy class of the subgroups generated by a transposition. The Riemann-Hurwitz formula implies
and thus
For every i, the curve X i ≃ Z i /H, with H ≃ S n−1 of the previous section. Consider the direct product group 
is a smooth projective curve of genus
it is a Galois covering of P 1 with geometric signature [0; (C 1 , s 1 ), . . . , (C m , s m )] and Galois group G m .
(b):
The curve X := Z/H m coincides with the fibre product
and the genus of X is
(c): The natural projections q i : X → X i do not factorize as
with q 2 i nontrivial (cyclic)étale covering for i = 1, . . . , m. Proof. Using induction one immediately checks that the fact that the branch loci are disjoint implies that Z is smooth. Classical Galois theory implies that Z is Galois over P 1 with Galois group G m . The last statement of (a) is clear from the definitions. It is a consequence of the universal property of the fibre product that the curve X := Z/H m is the fibre product over P 1 of all the X i , i = 1, . . . m. The genera are computed using the Riemann-Hurwitz formula. This completes the proof of (a) and (b). (c): It suffices to consider q 1 , so assume q 1 factorizes as in diagram (4.3). Since the covering f 1 : X 1 → P 1 is isomorphic to the covering Z/H × G m−1 → P 1 , it follows that the curveX 1 is given by a quotient Z/N, where N is a subgroup of G m such that
The hypothesis that q 2 1 isétale implies that the coveringX 1 → P 1 does not ramify over the branch points of type C j for j = 2, . . . , m. Therefore N contains all these conjugacy classes; since the class C j generates the corresponding subgroup {1 G } j−1 × G × {1 G } m−j , we conclude that H × G m−1 ≤ N, which together with (4.4) imply thatX 1 = X 1 .
For j = 1, . . . , m we consider the following absolutely irreducible rational representation of G m (4.5)
given by the outer tensor product of the trivial representation χ 0 (m − 1 times) with the standard representation V for G in the j-th component. 
Proof. As in Section 2 we denote d = |H\G/H| and {g ij : 
for all x ν ∈ X ν , where z ν ∈ Z ν is a preimage of x ν , 1 ≤ ν ≤ m, and where
are the same integers for all D ν . Also note that according to (2.2) applied to G m , H m and V 1 , . . . , V m we have
where
and we see from (4.7) that
, from where the result follows.
The following two theorems are the main result of the paper. Theorem 4.3. For each i = 1, . . . , m, consider a simply ramified covering f i : X i → P 1 of degree n, with X i of genus g i ≥ 2, and with pairwise disjoint branch loci. Let Π i : Z i → P 1 be the Galois closure of f i over P 1 . Denote by Z the fiber product of all the curves Z i over P 1 , and by X the fiber product of the curves X i over P 1 . Then the action of the group (S n ) m on the curve Z defines a Prym-Tyurin variety P in the Jacobian JX, with P of exponent q = n m−1 and dimension
Proof. As above we write G = S n and consider the subgroup H = (1 2 
Therefore the assertion follows from Theorem 2.1 as soon as we show that
with s i given by (4.2) and where τ i was defined just before Lemma 4.1. To see this, observe that
Moreover, we have
Hence the left hand side of (4.9) is equal to
Finally, the computation of the dimension is a consequence of equation (2.7) using (4.2).
The fact that the Prym-Tyurin variety P is constructed via a product of groups suggests that it is a product itself. Moreover equation (4.8) indicates that it is the product of the Jacobian varieties JX i . The next theorem shows that this is in fact the case. Proof of Theorem 1.1. Let X 1 , . . . , X m be smooth projective curves of genus g i ≥ 2 for all i and n an integer at least equal to 1 + max m i=1 g i . According to [3, Proposition 8.1] each X i admits a simple covering f i : X i → P 1 of degree n, since n ≥ g i + 1. If necessary, we may move the branch points so that they become pairwise disjoint. According to Lemma 3.2 the Galois group of the Galois closure Z i → P 1 is the symmetric group S n . Hence the assumptions of Theorems 4.3 and 4.4 are satisfied. The formula for the dimension of JX is a special case of (2.8).
The following corollary is a direct consequence of Theorems 4.3 and 4.4. Note that Mumford's theorem (see [7, p.346] ) mentioned in the introduction is just the special case m = 2 of it, using Welters Theorem (see [9] ) which implies that these Prym-Tyurin varieties of exponent 2 are classical Prym varieties. Remark 4.8. Our method for constructing Prym-Tyurin structures on products of Jacobians also works for groups different from S n . We only give one example, namely using the alternating group A n and its standard representation. We omit the details of the proof of the following theorem, since they are completely analogous to the proof of Theorem 1.1. For the proof we use the following result, proven in [6, Theorem 3.3] . Let g ≥ 3. Then a general curve of genus g admits a cover to P 1 of degree n with monodromy group A n such that all inertia groups are generated by a double transposition if and only if n ≥ 2g + 1. The assertion also holds for three-cycles instead of double transpositions.
So for each n ≥ 2g+1 a general curve X of genus g admits two kind of coverings X → P 1 . Both are of degree n and their corresponding Galois cover Π : Z → P 1 has as Galois group A n . In the first case the action of A n on Z has geometric signature [0, (C 1 , s 1 )], where C 1 is the conjugacy class in A n of the subgroup generated by (1 2)(3 4), and in the second case geometric signature [0, (C 2 , s 2 )] where C 2 is the conjugacy class in A n of the subgroup generated by (1 2 3) .
As before, it may be proven that then the Jacobians JX i have a presentation as a PrymTyurin variety with exponent q = 1 with respect to the group A n , the subgroup A n−1 and the standard representation of A n . Then Theorem 2.1 can be applied to complete the proof of Theorem 4.9.
